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Total Variation and Hellinger Distances

My first two years of studies revolve around the total variation Qg
Hellinger distances.

1
TV(p,q) 122/!p—q\,

H(p,q) := \/; /(ﬁ V)

?
m First year: TV(fx, f,) < H(fx, f;) for Gaussian location
mixtures.

fr(x) = /]Rd dd(x — 0) dn(6).
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Total Variation and Hellinger Distances

My first two years of studies revolve around the total variation Qg
Hellinger distances.

1
TV(p,q) 122/!p—q\,

H(p,q) := \/; /(ﬁ V)

?
m First year: TV(fx, f,) < H(fx, f;) for Gaussian location
mixtures.

fr(x) = /]Rd dd(x — 0) dn(6).

m Second year (ongoing): Robust estimation of a location
parameter (under Huber's contamination model).
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First Year: Resolving an Open Question

m An open question [JPW23]: TV(f;, f,) z H(fx, f,) for

supp(r), supp(n) € [-M, M]“.
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First Year: Resolving an Open Question

m An open question [JPW23]: TV(f;, f,) u H(fy, ) for
supp(r), supp(n) C [-M, M]9.
m Our answer [JG26]: No. We proved that

_ o(1)
H(f. £) < TV(f, £)  l0glog(l/TV(f, f))
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First Year: Resolving an Open Question

m An open question [JPW23]: TV(f;, f,) u H(fy, ) for
supp(r), supp(n) C [-M, M]9.
m Our answer [JG26]: No. We proved that

_ o(1)
H(f. £) < TV(f, £)  l0glog(l/TV(f, f))

m As a consequence, for X1,..., X, . (1—€)Pr, +€Q,

PR __ 9
inf sup Ec .o [HZ (fw, f)} = 2(1-wtta)
FmQ

in the “large-¢ regime” where ¢ > n=049,
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Motivation: Gaussian Location Model (1/2)

Recall the simplest model in robust statistics.

m Classical result: For Xi,..., X, e (1—¢)N(0,1) + €Q,

~ 2
inf sup inf {p >0:Pego [(9 — 9) > p] < 0.05} =
0 60,Q

uniformly for all n and € € [0, 0.49].
m The Gaussian location model under Huber's contamination
admits two regimes:

1
— 4 Small-€ regime
n

€? « Large-¢ regime
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Motivation: Gaussian Location Model (2/2)
What determines the minimax rates in the two regimes?

. 2 1
(9—0) = Z4e,
n

m The first term is characterized by the Hellinger distance.

r?(n) := sup {92 - H3(N(0,1), N(6,1)) < ,17} = %
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Motivation: Gaussian Location Model (2/2)
What determines the minimax rates in the two regimes?

. 2 1
(9—0> = Z4e,
n

m The first term is characterized by the Hellinger distance.

r?(n) := sup {92 - H3(N(0,1), N(6,1)) < ,17} = %

m The second term is given by the total variation.
w?(e) := sup {62 : 3Qo, Q1 ,
(1 - ON(0,1) + Qo = (1 - ON(0,1) + Q)

:sup{e2;TV(N(0,1),N(9,1))g ‘ }xe2.

1—¢
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Motivation: Gaussian Location Model (2/2)

What determines the minimax rates in the two regimes?

. 2 1
(9—0) = Z4e,
n

m The first term is characterized by the Hellinger distance.

r?(n) := sup {92 - H3(N(0,1), N(6,1)) < ,17} = %

m The second term is given by the total variation.
wz(e) = sup {02 :3Qo, Q1 ,
(1—¢)N(0,1)+€eQo = (1 —€)N(0,1) + eQr}

- sup{6’2 (TV(N(0, 1), N8, 1)) < § ‘ } = 2.

m We cannot distinguish 6 from zero even when we observe
n = oo sample points.
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Second Year: Singular Location Model (1/4)

What happens under singular location models?
m Infinite Fisher information
m Example: Density plot of A(0,1)

1.00

0.75

density
o
<

0.25

0.00
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Second Year: Singular Location Model (2/4)

First follow the same argument as the Gaussian location model.

m For Xi,..., X, "= (1 - €)A(6,1) + €@,

N 2
(7-0) L 2(n) + w2(e),
uniformly for all n and € € [0, 0.49], where
1
r?(n) := sup {92  H?(A(0,1), A(6,1)) < n} ,

w?(€) := sup {92 S TV(A(0,1), A(6,1)) < < 6}.
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Second Year: Singular Location Model (3/4)

m The first term is characterized by the Hellinger distance.

X

P(n) = sup{ 62 : H2(A(0,1), A(6, 1)) < % !

=62 Iog%

m The second term is given by the total variation.

w?(€) == sup {92 - TV(A(0,1),A(6,1)) < . e}
4(1— 1_26> = €2
1—e€
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Second Year: Singular Location Model (4/4)

m For Xi,.... X, "5 (1= )A(0,1) + €Q,

(5—(9)2; ! + €2,

nlogn
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Second Year: Singular Location Model (4/4)

m For Xi,.... X, "5 (1= )A(0,1) + €Q,

~ 2
(9—0) NS
nlogn

m Our answer: No. We proved that

~ 2 1 1
(6—9) = + - + €2,
nlogn nlog(p\/e)
D e

Intermediate-e

uniformly for all n and € € [0, 0.49].
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Second Year: Singular Location Model (4/4)

m For Xi,.... X, "5 (1= )A(0,1) + €Q,

~ 2
(9—0) NS
nlogn

m Our answer: No. We proved that

~ 2 1 1
(6—9) = + - + €2,
nlogn nlog(p\/e)
D e

Intermediate-e

uniformly for all n and € € [0, 0.49].
m What is going on?
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The Intermediate-¢ Regime (1/3)

We recall the classical results for composite-composite hypothe
testing: $§ v.s. 5, where we define $5 := {(1 —€)Fy +€Q : QF

m Le Cam, Lucien & Birgé, Lucien

1 —/2nH?($5, 9H5) < mf sup PS¢ + PP"(1 — ¢)
("307"31)6-‘30><5§€

<2exp (—”H2(f)oa~6§)) )

H*(§5,95) =  inf  H*(Po, Py).
(95, 95) (PorPrmise s (Po, P1)
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The Intermediate-¢ Regime (1/3)

We recall the classical results for composite-composite hypothéd
testing: $§ v.s. 5, where we define $5 := {(1 —€)Fy +€Q : QF

m Le Cam, Lucien & Birgé, Lucien

1 —/2nH?($5, H5) < inf  sup PS¢ + PP"(1 — ¢)
¢ (Po,P1)Engx N
<2exp (—nH?($15,95)) ,
H2($5, 55) == inf H2(Py, Py).
($0,95) (PorPrmise s (Po, P1)
m Huber, Peter & Strassen, Volker
inf  sup  PSo+ PP(1—¢)=1—"TV ((P§)*",(P})®"),
¢ (Po,P1)engx g
H2(P5, Pf) = H2(f)8’ﬁg)a
dP; /dP§ = max(c’, min(c”, dFy/dFy)).

10
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The Intermediate-¢ Regime (2/3)

m According to Le Cam, Birgé, Huber, and Strassen,

(0ne) = s {07 1 (35, 99) < 1.
95 :={(1—e)A(0,1) +eQ : Q}.
m We proved that

6
2100 [0
0 og<02v6\/e>, w(e) < 0,
0, w(e) >0

H? (§§, 95) =<

m Thus, solving nH? < 1 gives

1 1 )

(52n,ex +
(n,€) nlogn nlog(nié\/e)
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The Intermediate-¢ Regime (3/3)

Density

Shape

Triangle

Semicircle

GG(1/2)

1.00
0.75
0.50
0.25
0.00

0.6
0.4
0.2
0.0

0.25
0.20
0.15
0.10
0.05
0.00
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Conclusion

m Such intermediate-¢ regimes exist only under singular models.

m Q: What if we have more than one singularities?
m Q: Unified framework?
m Le Cam, Lucien & Birgé, Lucien

nH?*(P§, Py) < 1.
m Huber, Peter & Strassen, Volker

dP; /dP§ = max(c’, min(c”, dFy/dFy)).
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